An expression for the number of times a certain trace function associated with a Kloosterman sum on an extension field assumes a given value in the base field is given and its properties explored. The relationship of this result to the enumeration of certain types of irreducible polynomials over fields of characteristic two or three and to the weights in the dual of a Melas code is considered. It is argued that the expressions obtained for the trace functions, while simply related to the Kloosterman sums, can be more directly useful than the exponential sums themselves in certain applications. In addition, they enjoy properties that are of independent interest.
Introduction
Let F q be the finite field of q elements of characteristic p, and F q k its extension of degree k. An additive character χ of F q is a complex valued function of unit magnitude with the property that χ (α + β) = χ (α)χ (β), α, β ∈ F q . The character [12] is called nontrivial if there exists at least one element of F q for which it is not of value 1. Any such character on a field of characteristic p can be realized by the function χ (α) = e 2π iTr q|p (aα)/p for some fixed element a ∈ F q where Tr q|p is the trace function of F q over F p . Such a character is denoted by χ a (·) and the number of distinct characters, including the trivial one, is the order of the finite field. An arbitrary character on F q will be denoted simply by χ (·). An excellent reference for properties of characters and Kloosterman sums as discussed below, is [12] , as well as the original work of Carlitz [3] which established many of the properties which are extended here.
Characters satisfy the orthogonality relations: A character χ (·) over F q can be 'lifted' to an extension field F q k by χ (k) (γ ) = χ (Tr q k |q (γ )) = exp(2π iTr q k |p (cγ )/p), γ ∈ F q k , c ∈ F q .
The sums
for a, b fixed elements of F q , are referred to as Kloosterman sums [12] . It is noted that some authors allow a, b ∈ F q k in the definition of such sums. This causes no problems but our applications need only the case considered here. In what follows, we assume that χ (·) is a fixed nontrivial character of F q and ab = 0 since otherwise the sums are trivial. A fundamental result is that
where ω 1 (a, b), ω 2 (a, b) (or simply ω 1 and ω 2 when the a, b are understood) are complex numbers defined by
It is immediate that
It follows from the Riemann Hypothesis for function fields, that
It is interesting to note that K k (a, b) is entirely determined by the ground field F q , K 1 (a, b) and k.
Furthermore, since
the following recursion is immediate [3, 12] :
which will prove useful in what follows. More generally, by the same argument, we have:
For k = 2 the last equation gives
We adopt the convention that K k (a, a) = K k (a). The ground field will be assumed F q and note that
A further identity, which shows explicitly the dependence of K k (a, b) only on F q and K 1 (a, b) (again, assuming a fixed nontrivial character χ (·)) is [3, 12] 
Such Kloosterman sums have been widely investigated for a variety of applications in coding, sequence design, equations over finite fields and many others (see e.g. [6, 11, 19] ). In the next section we derive a formula that gives the number of times each element of F q is assumed as a value of a term in a Kloosterman sum evaluated over F q k . This adds, for example, to the work of Katz and Livné [9] , which gives results for the case q = 2 and 3 in terms of orders in certain algebraic number fields.
The approach here seems more direct than that work. Such numbers will be shown to have properties similar to those of the Kloosterman sums themselves and are of independent interest in applications. Sections 3 and 4 consider the application of this result to two problems; (i) enumerating irreducible polynomials with a certain type of restriction on their coefficients (ii) the possible weights in the duals of Melas codes over F q . The work is an extension of work initiated in [1] where the interest was in determining the order of the additive group of elliptic curves over finite fields of characteristic two. The relationship of that work to that of Section 4 is touched on there.
A result on the values of Kloosterman sums
Consider first, for fixed a, b ∈ F q , the set of elements γ in F q k such that
In what follows, we will often take n k (β, 1, 1) n k (β). A few easy observations are recorded below.
Our main interest will later be in the quantities K k (1, 1), although the proofs will be given for the general case. The following theorem establishes the basic transform relationship between the Kloosterman sums and the quantities n k (β, a, b). 
and
Proof. For the first part of the theorem, for c = 1, we see that
More generally,
where we used Proposition 1 in the second equality.
For the second part of the theorem, to determine the quantities n k (β, a, b) let χ (·) denote the a nontrivial character of F q and consider the sum
If γ is such that Tr q k |q (aγ + bγ −1 ) = β then the inner sum is q and otherwise 0. Thus the expression of Eq. (7) is qn k (β, a, b) and so
From the theorem it is emphasized that the quantities n k (β, a, b) can be obtained using only knowledge of K 1 (a, b) over F q and k. Furthermore the sets of quantities {n k (β, a, b), β ∈ F q } and {K k (ca, ηb), c ∈ F q } are a type of transform of each other via Eqs. (5) and (6) . As such they enjoy many transform-like properties, some of which will be explored below. The quantities and their properties are of independent interest and useful in many applications.
The following corollaries emphasize this point of view by emulating multiplication and convolution in the two domains.
Proof. To prove Eq. (10), we compute
The sum over η equals q when c = d and zero otherwise and the statement follows. The proof of Eq. (11) is completely analogous.
The following corollary tries to emulate the recursion relations for the K k (a, b) of Eq. (3) in the transform domain.
Proof. Although the proof is elementary, using standard transform techniques, we give an outline of it, recalling that to use Eq. (3) we require ab = 0:
The rest of the proof is repeated use of the first part of Theorem 1 and the fact that
Eq. (12) is then:
The first sum in Eq. (12) is:
The sum of all three terms in the original equation gives the result of the corollary.
The only other result of a similar nature known to the authors is that in [9] which relates n k (β) = n k (β, 1, 1) to a summation of a certain function over orders in an algebraic number field containing the ring of its integers for the cases of q = 2 or 3.
The generality and simplicity of the above corollaries is appealing.
Theorem 1 allows for good estimates for the values n k (β, a, b), which we state as a corollary, a kind of equidistribution property. 
Application to the enumeration of certain polynomials
The enumeration of certain irreducible polynomials over F q is considered. The enumeration of irreducible polynomials such that certain coefficients are chosen independently has been of great interest in recent literature (see [5, 21] for recent work on such results). Our purpose here is to observe that the results of the previous section have an application here, although the condition of interest is somewhat artificial. Suppose that
is irreducible over F q and let γ be a root of the polynomial in F q k . Note that c 1 + c k−1 /c k = −Tr q k |q (γ + γ −1 ). The set S k (β) defined earlier is then the set of roots of all monic irreducible polynomials over F q whose degrees divide k with the property that the second coefficient plus the ratio of the last two coefficients is β. While this condition is somewhat artificial in comparison to setting the coefficients arbitrarily in F q , it nonetheless seems of interest that the enumeration of such polynomials follows directly from the previous results.
If γ ∈ S k (β) is a root of a monic irreducible polynomial over F q of degree d|k then
Let R k (β) = {γ ∈ S k (β) : deg(γ ) = k} be the subset of S k (β) of elements of degree k. Then it is not hard to see that
Suppose now that (k, q) = 1 and β = 0. Then
and the Möbius inversion formula gives 
In particular,
Proof. It suffices to observe that I q,k (0) = 1 k r k (0), and make use of Theorem 1. For the stated bound, we compute
Therefore,
We note that the coefficient 3 is an upper bound for (2q − 1)/(q − 1). For q > 2 it can be substituted by 5/2. 
Since we are in a field of characteristic 2 or 3, and
is not hard to see that r p e d (−β) = r p e d (β).
So the equation becomes 
The main contribution comes from 1 k n k (β). Using the estimate of Corollary 3, we get the stated bound.
Note there are many works which enumerate or bound the number of irreducible polynomials of given degree with certain fixed coefficients. For example, the number of irreducible polynomials of degree k of the form
In this bound, two coefficients are fixed, a and b. The bounds of the previous two propositions however, although involving 
Application to the weights of the dual of a Melas code
Let α be a primitive element of F * q m and define the code C (q m ) over F q m to have the parity check matrix
i.e. C (q m ) is the cyclic code over F q with generator polynomial m α (x)m α −1 (x), the product of the minimal polynomials of α and α −1 over F q , respectively. Define the dual of the Melas code over F q as M(q) where
where the right-hand equality follows from Delsarte's Theorem. Thus for a, b ∈ F q the codeword c(a, b) ∈ M(q) can be expressed as
Thus the codes are of length (q m − 1) and dimension 2m over F q . These codes have received considerable attention in the literature, especially for the case of q = 2 and q = 3 [10, 11, 16, 18, 17] . Excellent general references are [7, 8] . The relationship of the weight enumerator problem for these codes in the case of characteristic two and elliptic curves is examined in several works, including [11, 18, 17] , which contain many deep, elegant and interesting results using this approach. A brief comment on this is given below. In particular the work of [18] is able to determine the weight enumerator of the binary Melas code of length 2 m − 1, in terms of the traces of certain Hecke operators acting on spaces of cusp forms for the congruence subgroup Γ 1 (4) ∈ SL 2 (Z).
While most of these works consider the codes over the characteristic subfield, either F 2 [8, 11] , F 3 [20] or F p [7] , our interest is the case of arbitrary field F q as in [16] . It can be shown the code C 2 in [16] is our code M(q) for arbitrary q. That paper also considers a closely related (q m + 1, 2m) code over F q which could also be considered with the techniques used here. For reasons of space we do not. Both of these codes are easily shown to be unions of simplex-type codes.
Our goal in this section is make the observation that Theorem 2 in [16] , follows in a very direct manner from the results of this work. Namely it is immediate that the Hamming weight w(c(a, b)) of a codeword c(a, b) ∈ M(q) is just the codeword length less the number of zero elements for a given a, b i.e. n k (0, a, b), as given in the second part of the theorem:
where the last equation follows from observing that the c = 0 term in the summation is
which gives the result is Theorem 2 in [16] . Theorem 1 in that work follows in a similar manner. The simple and direct manner of this proof, using the quantities n k (β, a, b) and their properties, compared to the original in [16] , is appealing. It is noted that the weight distribution results of Corollary 3 give the range of allowable weights for M(q) as in Theorem 3 of [16] . In addition, many results are known concerning the values of Kloosterman sums. In the characteristic 2 case for example, it is known that
which gives further information on possible weights in the code. Further such relationship are explored in [4, 14] , among many other such works.
Notice that although knowledge of the quantities will give the weight enumerator (even the complete weight enumerator [13] ) of the code, over any extension field, [18] was able to give an explicit weight enumerator for the case
While it is clear that any computation with the quantities n k (β, a, b) will in some sense be equivalent to a derivation involving the Kloosterman sums, it seems useful in many situations to use the quantities n k directly. Mention has been made on the relationship between Kloosterman sums and the orders of elliptic curves over fields of characteristic two. Indeed this was the original motivation for considering this problem [1] . As many authors have made use of this relationship (e.g. [1, 4, 6, 9, 11, 10, 15, 18, 17, 20] ) a brief indication of the relationship is given here.
There are 2(q − 1) non-isomorphic classes of elliptic curves over fields of characteristic two [2] and representatives of these classes may be taken as the equations: where y = xz, x = 0 and set x = 4 √ a 6 u (squaring in a field of characteristic 2 is an isomorphism). The equation will have two distinct solutions iff
which relates the order of the additive group of the elliptic curve to Kloosterman sums. Such a relationship was used to advantage (in for example [17] and others), using further properties of elliptic curves, to determine the weight enumerator and other properties of the Melas code described above.
Comments
The number of times a certain trace function over F q k takes on a given value in F q has been investigated and shown to have interesting transform-like properties. As examples of the use of such quantities they were used to determine the number of irreducible polynomials over F q that satisfy a certain condition on its coefficients. Additionally they provided a direct and simple proof of previously known results on the weights of the duals of q-ary Melas codes.
The applications support the view that the quantities investigated in the work, n k (β, a, b) , can be of more direct usefulness in many problems than the exponential sums themselves. In addition, these quantities themselves have interesting properties, of independent interest, some of which have been considered in this work.
